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Quad-mesh based isogonal nets and computational design
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Fig. 1. A freeform surface with planar rectangular boundaries is tiled by an isogonal quad mesh composed of similar parallelograms in a checkerboard
pattern. Two similar layouts are obtained under two prescribed control ratios. At the computed ratio ¢ = 0.412485, the upper layout features yellow and green
parallelograms with identical interior and diagonal angles arranged in mirrored similarity. At £ = 0.5, the lower layout adopts a half-and-half pattern, where
the entire structure is formed by similar rhombuses, half of which are replaced by their area-minimizing circumscribed ellipses. Physical prototypes show good
agreement with numerical results. The similarity of laser-cut acrylic panels (parallelograms, rhombuses, and ellipses) is clearly observable in the top view.

We propose a quad-mesh-based framework for discrete isogonal nets using
checkerboard patterns with inscribed parallelograms derived from quad
meshes. By controlling the angles, similarity, or congruence of these paral-
lelograms, we obtain three classes of isogonal nets on diagonal or control
meshes. These nets admit simple explicit representations, enable diverse
shape exploration related to conformal mappings with preserved pattern
shapes, and support efficient computation and optimization. The third class
serves as a discrete model of developable surfaces, grounded in our analysis
of smooth isogonal Chebyshev nets and verified through discrete differ-
ential geometric quantities. We demonstrate the effectiveness of the three
proposed nets through pattern designs for shell structures and interactive
paper-cutting models, both fabricated with repetitive similar elements.

CCS Concepts: « Computing methodologies — Shape modeling;
Optimization algorithms.
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tional design and fabrication, Discrete differential geometry
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1 INTRODUCTION

Net curves with constant angles arise in numerous applications, in-
cluding geometric modeling, graph visualization, mechanical struc-
tures, and architecture. The locally uniform intersection angle be-
tween edges helps form aesthetically pleasing tracing curves and
ensures relatively regular spacing of curve patterns—serving ap-
pearance design, force distribution, and cost-effective fabrication
with repetitive beams or panels. This constant-angle property is
a key factor for high-quality curve patterns on discrete surfaces,
such as triangular meshes with constant 60° [Jiang et al. 2014a]
or quad meshes with constant 90° [Bommes et al. 2013], though
both impose severe limitations on surface shape and singular vertex
configurations.

As quad meshes directly discretize smooth surfaces via curve
network parametrization, they naturally connect to (discrete) dif-
ferential geometry in analyzing local curvatures—making them our
focus. Rather than enforcing constant 90° interior angles, orthogo-
nality between two families of polylines is more broadly applicable
across different curve nets, notably principal curvature nets (orthog-
onal conjugate nets). Two well-defined discrete principal curvature
nets are circular nets [Bobenko and Suris 2008] and conical nets [Liu
et al. 2006], where orthogonality emerges from geometric proper-
ties rather than from explicitly prescribed right angles at vertex
stars—the latter proving computationally expensive [Dellinger et al.
2023; Wang et al. 2025].

Extending from right angles to constant acute or obtuse angles
between quad mesh polylines yields the discrete isogonal net, of-
fering greater design freedom and benefiting diverse applications
integrating force, function, and fabrication. Despite surprisingly
few contributions on isogonal net representation and construction,
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existing gridshell structures built on surfaces with constant prin- 1.2 Previous work 172

cipal curvature ratios discretized via isogonal nets demonstrate 1 2 1 Mappings between surfadésmerous geometry processing -’
advantages: straight or curved developable lamellae with identi- {g5kg require establishing correspondences and smooth mappingsm
cal repetitive nodes enable easy fabrication and assembly [Jiang petween geometric shapes, while typically maintaining topologi- *'°
etal 2021b; Jimenez et.@020; Schling et a2023, 2022; Wang and 3| connectivity. Common work ows include deforming an input '
Pottmann 2022]. Similarly, freeform architectural skinsonanelin- g rface toward a target con guration or constructing geometric 1
ear Weingarten surfaces, also discretized via isogonal nets, achieve rg|ations between paired surfaces. Both tasks are generally formu-*"®
curvature-equivalent paneling that reduces costs through reusable |gted as numerical optimization problems de ned on discrete mesh 179

molds [Pellis et al. 2020a,b]. representations. Among various discrete mapping techniques, the **°
Motivated by computational design and fabrication applications  checkerboard pattern derived from quad meshes serves as a versatilé®*
requiring cost-e ective repetitive elements in architectural shell 50| for conformal and isometric surface mappings. 182
structures, we explore isogonal meshes by prescribing constant an- 183
gles and local pattern similarity derived from checkerboard patterns  1.2.2 Checkerboard pa erGiven a quad mesh, 184
controlled by edge ratios. This yields a framework grounded in  mid-edge subdivision can be performed by con- 185
curve net theory within discrete di erential geometry, o ering a necting the midpoints of all mesh edges. This 186
large design space encoded by fast computational tools amenable process generates a distinctive CBP: every al- 187
to friendly fabrication. ternate face forms a parallelogram, whereas the 188
remaining faces correspond to general spatial 189

1.1 Overview and contributions quads. These two types of quads are arranged in 190
The main goal of this paper is a careful study of isogonal quad & Staggered black-and-white checkerboard lay- -

mesh geometry and its applications in computational design and ©Ut forming a periodic tiling layout originally inspired by Olympic ~ **2

fabrication. After reviewing related work on mappings between dis- 1090 geometry, as rst proposed in [Jiang et al. 2019b]. iZj
crete surfaces via checkerboard patterns (CBP) derived from control  Follow-up studies have veri ed that the CBP extracted from a
quad meshes with applications to developable quad meshes we base quad mesh enables comprehensive analysis of the control mesh®®

present smooth theory for developable surfaces based on isogonal and its two associated diagonal meshes. Extensive research furthef-%
7
nets in Sec. 2, followed by discrete representations, constructions, d&monstrates the broad advantages of CBP-based methods acros$

and validations in Secs. 3 5, and design applications in Sec. 6. discipline_s. In discre_te_ di ere_ntial geometry, CBPs facilitate the 198
construction of specialized discrete nets; in geometry processing,'*°

We investigate the geometry of smooth developable surfaces they support shape space exploration and cross-surface mapping?®°
through isogonal Chebyshev nets, equivalent to isogonal in architectural design, they empower patterned facade layouts and 2
geodesic nets in di erential geometry (Sec. 2). exible shell structures. Representative applications cover orthogo- 202
Discrete developable surfaces are built from isogonal Cheby- nal and isogonal net generation [Dellinger et 2023; Wang etal 203

shev quads sampled along the diagonals of control quad 2025; Wang and Pottmann 2022], conformal mesh parameterization2%*
meshes DICgjag-nets), which feature congruent parallel-  [Jiang et al 2019b], isometric shape deformation [Inza et2023; 20
ograms in generalized CBPs via edge-ratio regulation. By Jiang et al2020b, 2021a], transformable structural design [Jiang 2%

taking a xed a ne combination of the two diagonal meshes, et al. 2020a, 2022], mechanical mechanism design [Jiang 2034], 27

this scheme yields equal-interior-anglBlgiag-net) and sim-  custom architectural paneling [Pellis et.&1020a], and lightweight 208
ilar (DISjiag-net) parallelograms as discrete isogonal net  gridshell fabrication [Jiang et al. 2021b]. 209
models for the diagonal mesh alone or both control and 210
diagonal meshes, respectively (Sec. 3). 1.2.3 Discrete developable surfabeselopable surfaces fabricated 211

Developability of DIGiag-nets is veri ed through well-de ned  from planar materials (bending, folding, rolling, cutting, assembling) 212
normals, curve-like Gaussian images, and near-zero Gauss- are widely studied in computational design [Yuan et 2025]. Dis- 213
ian curvature, with compatible rulings, shape exploration  crete approaches on triangle meshes include treating local polylines 214
via a ne maps and o sets (Sec. 5), and physical paper-cut as hinge rulings [Stein et aR018], thinning Gaussian images via 215

validation (Sec. 6). de ned mesh normals [Binninger et aR021; Cheng et a2025], and 216
The similar parallelogram property of Difg-nets enables converting height elds to nonsingular Hessians [Sellan et2020]. 217
shape exploration through conformal maps, where parallel- For quad meshes, alternative strategies exist: developability via218

ogram similarity induces similarity of area-maximizing in-  locally at regions [Solomon et al2012], quad edges aligned with 219
scribed and area-minimizing circumscribed ellipses (Sec. 4). rulings [Liu et al. 2006], compatible locally de ned rulings con- 220
DISjiag-nets provide a rich shape space for modeling and  jugate to tangent vectors [Inza et 22023], discrete orthogonal =~ 221

pattern design on shell structures (Sec. 6). geodesic nets with local angle constraints [Rabinovich 2020], and 222
Both geometric representations and constraints on parallel- geodesic parallel coordinates with controlled edge-length and angle 223
ogram shapes are explicit and quadratic in vertex variables, constraints [Wang et al. 2019]. 224
enabling an e cient computational tool for direct compu- CBP-based methods [Jiang et aD19b] yield an orthogonal- 225
tation as well as numerically stable and fast-converging diagonal mesh when inscribed parallelograms are rectangles; equak26
Gauss Newton optimization (Sec. 6.5). diagonal lengths produce squares. If these rectangles or squares are2?

228
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congruent, every quad has identically long, orthogonally intersect- An isogonal G-net represents a developable 286
ing diagonals constituting a novel discretization of developable  surface, which can be proved using the Gauss 287
surfaces, where congruent squares correspond to discrete orthogo- Bonnet theorem: 288
nal geodesic nets [Rabinovich 2020]. Isometric mappings preserving * 1 & 289
these congruent shapes enable intrinsic shape-space exploration 3, "e3B=2c \g 290
and architectural fabrication [Jiang et al. 2020b, 2021a]. X nX =1 201

By generalizing the congruence condition from rectangles and \where the geodesic curvature vanishes along all four boundary 292
squares to arbitrary parallelograms, we not only attain analogous curves g = 0), and the four intersection angles satisfy =\3 =\ 293
parametrizations of developable surfaces but also establish a more and\, =\4=¢c \, forcing the Gaussian curvature = 0onX. f 294
comprehensive theoretical framework for characterizing isogonal 295
nets with similar patterns. RemarkThat the coordinate curves of an isogonal Chebyshev 296

net are geodesic can follow from another fact that the geodesic 297
2 SMOOTH DEVELOPABLE SURFACES VIA ISOGONAL curvatures of theD- andEcurves satisf*§ = \ps"§= \g (see 208
CHEBYSHEV NETS Appendix A.1 for the proof), whergp and\ g are the rst partial 299

Prior to the discrete construction of developable surfaces quad de/r\l\éa_tl\,/\%s_oi\ - Hence, if the anglé is constant, thenp =\g=0, a0
meshes whose inscribed parallelograms are congruent we recall S°”'6 =6 = 0, and both families of curves are geodesics. S0t

the smooth analogue: a Chebyshev net whose coordinate curves proposition 2.3. An isogonal Chebyshev net and an isogonal G-net -
meet at a constant angle is developable. are equivalent and represent a developable surface. %08

Curve netA surface is described by a two-parameter m¥p: 304
1DE  R2 7! XIDeE R3. FixingD = Dy gives theE-curves Proof. () )Isogonal Chebyshev netis anisogonal G-net (Prop. 2.2
(tangent vectoiXg); xing E= Ey gives theD-curves (tangent vector () For fneD-curves E xed), let Bbe arc length. The unit tangent  *%°
Xp). Together these two families form thgoordinate) curve net ist = Xpe . The geodesic condition implies that the principal 37

Isogonal neLet =X3, =Xp Xg = XZbe the coe cients normal of the curve is parallel to the surface normal, é@ ? Xg. 8

of the rst fundamental form. The anglé between the coordinate  gjpcedt = 1 ﬁng}g , orthogonality gives

; _ XoXe  _ wiEy 3B~
curves satis exos\ = oKRGek = P=— If\ is constant (but not

. . . . m Xp Xg " s11
necessarilys) the net |36ermedsogonal andX*De Eis an isogonal P 0 312
parametrization with « = const.. p_m 313

Chebyshev nef parametrizationX'De E is a Chebyshev net UsingXp Xge= =2 , where2 = cos\ is constantand < %, 314
every coordinate quad has opposite sides of equal length, which then 315
is equivalent to the metric condition&Xpke = kXgkp = O, i.e. m Zp— - 2—pD— =09 D=0 316

= 1P« = 1P, After a natural re-parametrization, mD 2 217

2 _1. _ _ . 2 _ an Interchanging the roles dbandEgives g= 0. Thusisogonal G-net 335

=Xp=1 =Xp Xg=cos\ =Xg=1 @) is a Chebyshev net. f 319
The Gaussian curvature of a Chebyshev netis Qﬁ where\pg 320

denotes the mixed second partial derivative [do Carmo 1976]. Ifthe 3 DISCRETE ISOGONAL NETS AND DEVELOPABLES ,,

netis isogonal, theh is constant. Consequentlype= 0, and hence Building on the smooth theory of developable surfaces via isogonal 322

= 0. A surface with vanishing Gaussian curvature is developable; Chebyshev nets, we examine their discrete counterparts realizedszs
hence an isogonal Chebyshev net represents a developable surfacepy quad meshes whose congruent parallelograms form the under-z24
lying discrete diagonal structure. These quad meshes are furtherazs
characterized as Dl§ag-nets, with the primary focus being the dis- 326

The developability of an isogonal Chebyshev net aligns with that  cussion and generalization of discrete isogonal nets agJdghets 327
of an orthogonal geodesic neG{ney; in particular, an orthogonal and DIgjiag-nets based on the CBP method (see Tab. 1, Figs. 2, 1528

Theorem 2.1. Anisogonal Chebyshev net is developable.

G-net is simultaneously a Chebyshev net [Dellinger et2023] and . . 329
characterises a developable surface [Rabinovich 2020]. This smooth3.1  Inscribed parallelograms prescribed by a parameter 33
equivalence is summarized in the following propositions. Mid-edge subdivided parallelogra®iven a spatial quad, connecting 331

the midpoints of its four consecutive edges yields an inscribed quad 332
that is necessarily a parallelogram the classicebrignon's theorem 333
[Jiang et al. 2019b; Wikipedia 1731]. Its two pairs of opposite sidess334

Proposition 2.2. An isogonal Chebyshev net is geodesic (i.e. an
isogonal G-net) and developable.

Proof. With the natural parametrisation Eq. (1) we hak&pk = are parallel to the diagonals of the original quad and have lengths 335
kXgk = 1, soXpp and Xggcoincide with the principal normal elds equal to one-half of those diagonals. In the graphics literature this 336
of theD and Ecurves, respectively; and satisf{pp Xp = 0and parallelogram is commonly termed thmid-edge subdivided paral- 337
Xee Xg = 0. Di erentiating givesXpp Xg= Xp Xpe=0 lelogramassociated with the quad; when the construction is applied 338
andXgg Xp = Xg Xpg= 0. ThusXppandXggare orthogonal to every quad face of a coarse quad mesh it produces a globallys39
to both tangent vectorXp*XE, i.e. parallel to the surface normal;  consistent subdivision that can be iteratively re ned to improve 340
consequently both coordinate families are geodesic. shape quality. 341

342
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